ANALYTIC SHEAVES IN BANACH SPACES 



Laszlo Lempert 

Abstract. We introduce a class of analytic sheaves in a Banach space X, that we 
shall call cohesive sheaves. Cohesion is meant to generalize the notion of coherence 
from finite dimensional analysis. Accordingly, we prove the analog of Cartan's The- 
orems A and B for cohesive sheaves on pseudoconvex open subsets Q, <Z X, provided 
X has an unconditional basis. 



Introduction 

In finite dimensional complex analysis and geometry coherent analytic sheaves 
play a central role, for the following four reasons: 

(i) Most sheaves that occur in the subject are coherent. 

(ii) Over pseudoconvex subsets of C"^ their higher cohomology groups vanish. 

(iii) The class of coherent sheaves is closed under natural operations. 

(iv) Whether a sheaf is coherent can be decided locally. 

The purpose of this paper is to introduce a comparable class of sheaves, that 
we shall call cohesive, in Banach spaces. This notion is different from coherence, 
which formally makes sense in infinite dimensions as well. However, coherence 
is not relevant for infinite dimensional geometry, since it has to do with finite 
generation, while in infinite dimensional spaces one frequently encounters sheaves, 
such as tangent sheaves and ideal sheaves of points, that are not finitely generated 
over the structure sheaf. The structure sheaf itself is not known to be coherent in 
any infinite dimensional Banach space, either. 

We shall define cohesive sheaves in general Banach spaces (always over C). How- 
ever, we are able to prove meaningful results about cohesive sheaves only in some 
Banach spaces, e.g. in those that have an unconditional basis. (Our main results 
do not generalize to certain nonseparable spaces, and we do not know whether they 
hold in all separable spaces, or at least in those that have a Schauder basis. — For 
the notion of Schauder and unconditional bases, see Section 1.) 

Cohesive sheaves are sheaves of modules with an extra structure and a special 
property. We shall arrive at their definition in four steps. Given a Banach space 
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X, an open Q G X, and another Banach space E, the sheaf O = Oq of germs of 
holomorphic functions {fl, x) ^ E, x E 0,, will be called a plain sheaf. It is regarded 
as a sheaf of modules over O = O'^. li U C 0, is open, F is another Banach space 
and Hom(i?, F) denotes the Banach space of boimded linear operators, then any 
holomorphic ip:U ^ Hom(£', F) induces a homomorphism 0^\U — > 0^\U. Such 
homomorphisms will be called plain. 

Next one defines when a sheaf A of O-modules over Q, is analytic. In tradi- 
tional finite dimensional terminology analytic sheaves arc the same as sheaves of 
O-modules. However, the latter notion is adequate only if one is satisfied with 
studying finitely generated C-modules; already in finite dimensional spaces the 
sheaf of Banach (space or bundle) valued holomorphic germs has a richer struc- 
ture than a mere O-module. For example, certain infinite sums of sections make 
sense, which cannot be explained in terms of the 0-module structure. In the finite 
dimensional context Leiterer in [Li] proposed to capture this richness by introduc- 
ing a Frechet space structure on r(C/, ^), U d Vt open; in this way he obtained 
the notion of an analytic Frechet sheaf. For infinite dimensional f2 the corre- 
sponding notion would not be practical, though, and instead our definition will 
be inspired by a suggestion of Douady [Dl]. To generalize the notion of a complex 
analytic space, he proposed that the infinite dimensional analog of a ringed space 
should be a "functored space". We shall say that a sheaf A of O-modules over 
VL is endowed with an analytic structure if for every plain sheaf £ a submodule 
Hom(£,.A) C Homo(£^,^) is specified. The correspondence £ i— > Hom(£,^) 
should satisfy two natural conditions; then we also say that A is an analytic sheaf. 
An (9-homomorphism £ ^ A will be called analytic if its germs are in Hom(£', A). 
Any plain sheaf A has a natural analytic structure, namely Hom(£, A) will consist 
of germs of plain homomorphisms. 

Our notion of analyticity slightly confiicts with the traditional terminology: while 
every sheaf of O-modules admits an analytic structure, this structure is not unique, 
see 3.7. 

Now consider an infinite sequence 

...^ Ti^ A^Q (*) 

of analytic sheaves and homomorphisms over il, with each Tn plain. We shall say 
that (*) is a complete resolution of A if for each pseudoconvex U <zQ. the induced 
sequence on sections 

. . . ^ v{u, Ti) r(t/, Tx) r(t/, ^) ^ (**) 

is exact and, moreover, the same is true if in (**) each Tn is replaced by Hom(£, JF„) 
and A by Hom(£^, A)^ for any plain sheaf £. 

Finally, we shall call an analytic sheaf A over ?l cohesive if f2 can be covered by 
open sets over which A has a complete resolution. 

Analytic sheaves locally isomorphic to plain sheaves obviously are cohesive, but 
at first glance the notion of a complete resolution is quite formidable, and it is 
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not clear how such a resolution can be constructed beyond trivial situations. An 
exact sequence like (*) is perhaps doable, but how will one ensure the exactness of 
(**) before cohomology vanishing is known? An answer is that in the spaces we 
consider it suffices to check the exactness of (**) for U in an appropriate subclass 
of pseudoconvex sets, see Section 6. Using this device it is possible to show that 
certain important ideal sheaves are cohesive (see Section 10): 

Theorem 1. Suppose a Banach space X has an unconditional basis, Q G X is 
open, and M <Z Q. is a direct submanifold (see Section 1). If E is another Banach 
space, then the sheaf J C of germs that vanish on M is cohesive. 

The main result of this paper is the following generalization of Cartan's Theorems 
A and B (see Section 9): 

Theorem 2. If a Banach space X has an unconditional basis, Q (Z X is pseudo- 
convex, and A is a cohesive sheaf over ft, then 

(a) A admits a complete resolution overQ; and 

(b) Hi{n,A) = forq>l. 

If coherence was useful because of the four reasons listed earlier, it would make 
sense to test the notion of cohesion against (i),...,(iv). As to (iv) and (ii), being a 
cohesive sheaf is a local property, and at least in spaces with unconditional bases, 
higher cohomology groups of cohesive sheaves do vanish. As to (i) , only the future 
will tell exactly what sheaves will occur in infinite dimensional analysis and geom- 
etry, and whether they are cohesive. However, again in spaces with unconditional 
bases, two clearly important types of sheaves are cohesive: the sheaf of sections of 
locally trivial holomorphic Banach bundles, and ideal sheaves of direct submani- 
folds. For this reason, the theory of cohesive sheaves allows one to study geometry 
and analysis on direct submanifolds. 

In the Appendix we show that the ideal sheaf of certain analytic subsets is not 
cohesive; but, since those analytic subsets are "pathological" anyway, this result 
counts in favor of the notion of cohesion. Indeed, it suggests that intuitively bizarre 
analytic subsets can be eliminated from complex geometry by testing whether their 
ideal sheaf is cohesive. We shall briefly introduce and study analytic subvarieties 
along these lines in Section 11. 

Finally, item (iii) above. The class of cohesive sheaves is closed under certain 
sheaf theoretical operations, but not under all operations that coherent sheaves 
admit; we give various examples as we develop the theory. This seems to be a 
feature one has to learn to live with, and is due to peculiarities that Banach space 
valued functions can exhibit, even those of finitely many variables. 

A few words about the history of analytic cohomology vanishing in vector spaces. 
Cartan's theorems were generalized by Bishop and Bungart, and then by Leiterer to 
certain, so called Banach coherent analytic Frechet sheaves over finite dimensional 
Stein spaces. Douady proved the vanishing of higher cohomology groups of certain 
sheaves over compact subsets of Banach spaces; see [Bi,Bu,C,Dl,Li]. More recently 
we considered pseudoconvex sets O in Banach spaces that have an unconditional 
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basis, and proved in [L4] that for a trivial Banach (or even Prechet) bundle over 
Q higher cohomology groups vanish. This was generalized in [P2-3] , and finally in 
[L6] to arbitrary locally trivial holomorphic Banach bundles. Further results on 
sheaf cohomology were obtained by Patyi in [P4-5]. The present paper borrows 
ideas from most of these works. 

While putting the finishing touches on this paper, I received two related preprints 
from Patyi. Among other things, [P6] features a cohomology vanishing result for 
holomorphic Banach bundles, whose assumptions are probably less restrictive than 
the assumptions of [L4] and of 9.1 of the present paper. In [P7] Patyi considers 
the sheaf of Theorem 1 above, when M = fl r\Y and Y G X is a. complemented 
subspace. Under the assumptions of [P6], he constructs a resolution of J that in 
essence shows that J is cohesive — although he does not introduce this notion — , 
and proves J") = for g > 1. 

Acknowledgement. I am grateful to J. Lipman, J. McClure, E. Szabo, and L. 
Tong for discussions we have had on various aspects of this work. 

1. Glossary 

1.1. For matters of sheaf theory we refer to [Se] or [Br], for complex analysis 
in Banach spaces to [M], and for basic notions of infinite dimensional complex 
geometry to [LI, Sections 1-2]. In this glossary we shall nevertheless spell out a 
few basic definitions of infinite dimensional complex analysis and geometry. Let X 
and E be Banach spaces, always over C, and Q (Z X open. We denote the space 
of continuous linear operators X ^ E hy Hom(X, E), endowed with the operator 
norm. 

1.2. Definition. A function f-.Q^Eis holomorphic if for each x & fl there is an 
L e Hom(X, E) such that 

f{y) - f{x) = L{y -x) + o{\\y - x\\x), 0.3 y^x. 

This leads to the notion of what we call in [LI] a rectifiable complex Banach man- 
ifold: it is a Hausdorff space, sewn together from open subsets of Banach spaces 
(charts), with holomorphic sewing functions. Using the charts one can define holo- 
morphic maps between rectifiable complex Banach manifolds. 

1.3. Let M be a rectifiable complex Banach manifold. 

Definition, (a) A closed subset AT c M is a submanifold if for each x E N there 
are a neighborhood U C M, an open subset O of a Banach space X, a closed 
subspace F C X, and a biholomorphic map U ^ O that maps U H N onto O HY. 
(b) N is a direct submanifold if, in addition, Y above has a closed complement. 

The definition implies that the submanifold N itself is a rectifiable complex 
Banach manifold. 
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Definition. A locally trivial holomorphic Banach bundle over M is a holomorphic 
map tt: L — > M, where L is a rectifiable complex Banach manifold, and each fiber 
7r~^x, X e M, is endowed with the structure of a topological vector space. It is 
required that for every x E M there be a neighborhood U C M, a Banach space 
E, and a biholomorphic map n~^U E x U that maps each fiber n~^y, y e M, 
isomorphically on £^ x {y} ^ E. 

1.4. Definition. An upper semicontinuous function u: Q — > [—00, 00) is plurisub- 
harmonic if for every pair x,y & X the function C 9 A 1— > u{x + Xy) is subharmonic 
where defined. 

Definition. The open set 0, is pseudoconvex if for each finite dimensional subspace 
Y C X the set J] n y is pseudoconvex in Y. 

It follows from the characterization of pseudoconvexity in [M, 37.5 Theorem (e) 
or (f)] that if 0, is pseudoconvex, then so is any Q' C X' biholomorphic to it. 

1.5. Definition. In a Banach space X a sequence ei, 62, . . . is a Schauder basis if 
every x & X can be uniquely represented as a norm convergent sum 

00 

a; = ^ AnCn, An e C. 

n=l 

The basis is unconditional if, in addition, the above series converge after arbitrary 
rearrangements. 

The spaces 1^, Lp[0, 1] for 1 < p < 00, l^, and the space cq of sequences converging 
to zero, all have unconditional bases, but I/^[0, 1] and C[0, 1] have Schauder bases 
only, see [Sn]. 

2. Plain sheaves 

2.1. Fix a Banach space {X, \\ ||) and an open Q G X. This notation will be used 
throughout the paper. As explained in the Introduction, if E is another Banach 
space, the sheaf = of germs of holomorphic functions (O, a;) ^ a; G fi, 
is called a plain sheaf. In particular, O = O'^ is a sheaf of rings and each is in 
a natural way a sheaf of (9-modulcs. In general, a sheaf of O-modules often will 
simply be called an (9-module. The sheaf of homomorphisms between (9-modules 
A and B will be denoted Hom.o{A, B), itself an O-module. 

If F is also a Banach space and U C O, is open, any holomorphic (p:U ^ 
Hom(£', F) defines a homomorphism 0^\U 9 e 1— > <^e e 0^\U. Such homomor- 
phisms are called plain homomorphisms. The following is obvious: 

Proposition. If a plain homomorphism induced by (fi:U — > Hom{E, F) annihilates 
germs of constant functions, then ip = 0. 

It follows that germs of plain homomorphisms 0^\U — > 0^\U form an O-module 
Hompiain(0'',0'') C Homo(0^,0^), 
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isomorphic to 0Hom(E,F). sections over any open U C Q are in one-to-one 
correspondance with the plain homomorphisms 0^\U — > 0^\U. 

3. Analytic sheaves 

3.1. If A is an O-modulc over O, an analytic structure on A is the choice, for each 
plain sheaf £, of a submodule Hom(£',^) C Homc)(£, .4), subject to 

(i) if £ and T are plain sheaves, x E Q, and (p e Hompiain(^, ^)x: then 
(f*Iiom{T,A)x C Hom(£:,^)^; 

(ii) Hom(C»,^) = Homo(C>,^). 

An (9-module endowed with an analytic structure is called an analytic sheaf. The 
restriction of an analytic sheaf to an open U G O, inherits an analytic structure. 
Given analytic sheaves A, B over Q and an open U C 0,, a homomorphism (f:A\U^ 
B\U is called analytic if for every plain S the induced homomorphism 

ip^:llomo{S\U,A\U) llomo{S\U,B\U) 

maps llom{S\U,A\U) in llom{S\U, B\U). 

Any plain sheaf J-' can be endowed with an analytic structure tlom{£,J^) — 
Hompiain(^, In what follows, we shall automatically use this analytic structure 
on plain sheaves. More generally, the sheaf <S of holomorphic sections of a locally 
trivial holomorphic Banach bundle S ^ Q has a canonical analytic structure: if over 
an open [/ C O the restriction S'jt/ is isomorphic to a trivial bundle F x U U, 
this isomorphism induces an isomorphism of (9-modules 

HomoiO^ ,0^)\U ^ Uomo{0^ ,S)\U, 

and we define Hom(C)-^, <S) so that its restriction to such U is the image of 
Hom(C^,C^)|t/. 

Analytic homomorphisms between plain sheaves are just the plain homomor- 
phisms, and, more generally, a homomorphisms between plain, resp. analytic sheaves 
£ and B is analytic if its germs are in Hom(£, B). We shall write 'H.om.{A,B) for 
the sheaf of germs of analytic honioniorphisms between analytic sheaves A and B; 
if A is plain, this is consistent with notation already in use. 

It is possible to define an analytic stnictiu'c on the sheaf Hom(^, B) itself, but in 
this generality the structure will not have useful properties. To keep the discussion 
simple we shall therefore not consider Hom(^, B) as an analytic sheaf. 

3.2. The notion of an analytic structure is naturally expressed in the language of 
category theory — even in more than one way — , of which we shall avail ourselves 
only very sparingly. Consider the category S of 0-modules and (9-homomorphisms 
over Q (a monoidal category with unit O) . Now (9-modules over O also form a cate- 
gory enriched over §, or an S-category, see [K] , that we shall denote O. This means 
that with any pair A.,B E Ob O, i.e. C-modules, an O-module Homc)(.4, i3) e § 
is associated (the "hom-object"); further, homomorphisms 

Homo {A, B) ® Homo {B, C) Homo {A, C) 
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are specified, satisfying certain axioms. There is also the S-subcategory P of O, 
whose objects are plain sheaves and the hom-object associated with E^T ^ Ob P 
is Hompiain(i^,^). 

Any A G Ob O determines a contravariant S-functor Home)(-,^) from P to O. 
This functor associates with & Ob P the homomorphism 

Hompiain(^,^) Homo (Homo (.F, A),YLomo{E,A)), 

induced by composition. In this language an analytic structure on ^ G Ob O is an 
S~subfunctor Hom(-,^) of Homc)(-,^) satisfying Hom((9,^) = Home)(C,^); 
subfunctor meaning that Hom(£,.4) C Homo (£^, .A) is a submodule for every 
£: e Ob P. 

3.3. The sum ^ © ;B of analytic sheaves has a natural analytic structure: one 
simply says that (p G Homo(£^,^® B) is analytic if pr^<^ and prB(^ are both 
analytic. If C is a further analytic sheaf, an (9-homomorphism 6:C\U ^ A® B\U 
will be analytic precisely when a = pvj^O and (3 = pr^O are. Now 6 is uniquely 
determined by a and /3, and is denoted a © /3. Conversely, an (9-homomorphism 
il^: A ® B\U C\U will be analytic if its compositions 7,5 with the embeddings 
LX-A^ A® B, Lb'-B ^ A® B are; in this case we write V' = 7 + 

Clearly, is analytically isomorphic to O^®^ . 

3.4. If A is an analytic sheaf, an analytic structure can be defined on any O- 
submodule 5 C .4 by letting 

Hom(£, S) = Uom{S, A) n Homo(£, S). 

It is straightforward that (i) and (ii) in 3.1 are satisfied. Similarly, there is an 
analytic structure on A/S. With the projection tt: ^ — > A/S one lets 

Hom(£, A/S) = 7r*Hom(£, A) C Homo(£, A/S). (3.1) 

Again, (i) in 3.1 is straightforward to check. As for (ii), let r G tlomo{0, A/S)x- 
Over a neighborhood U of x there is a section a G T{U,A) such that rl = 7ra{x). 
If an analytic homomorphism a:0\U A\U is defined by af = fa, its germ a at 
X will satisfy 

T = 7r*a G 7r*Hom(0, A) = Hom(C, A/S). 
In view of (3.1) therefore indeed lioin{0, A/S) = lioino{0,A/S). 

3.5. In particular, if (p: A ^ B is an analytic homomorphism, Ker (p (Z A, Im (f C. 
B, and Coker (f = ;B/Im (p all have natural analytic structures. Also, (f factors 
through an isomorphism of O-modules 



tf): ^/Ker (/p — >■ Im (/p. 



(3.2) 
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which is easily seen to be analytic. In spite of this, ip is not necessarily an isomor- 
phism of analytic sheaves, as the following example shows. 

Let fl = X = {0}, and consider a closed subspace K oi a Banach space E. The 
epimorphism E E / K = F induces an analytic epimorphism (/?: over 
n. In this case (3.2) becomes V': O^/O^ , with each plain sheaf , , 

endowed with its canonical analytic structure. Now the image of the induced map 

iP,: Hom(C»^, O^/O^) ^ Hom(C>^, O^) 

contains id^F only if K is complemented. Otherwise is not surjective, and the 
inverse of ip is not analytic. 

3.6. Another way to express the same is that given an exact sequence 

of analytic homomorphisms it is not necessarily the case that A ~ Im /3 and 
B/lm. (3 ^ C s& analytic sheaves. These isomorphisms hold precisely when for 
all plain £ the induced sequence 

^ Hom(£, A) ^ Hom(£, B) ^ Hom(£, C) ^ 

is also exact. For this reason, whenever one considers analytic homomorphisms 
and their diagrams, one should also consider the diagrams obtained by applying 
the functors Hom(£, •). This, at least partly, motivates the definitions in Section 4 
to be presented. 

3.7. Any sheaf A of (9-modules can be endowed with an analytic structure by 
setting Hom(£,.A) = Homo(£,^). In addition to this maximal structure there is 
also a minimal analytic structure defined as follows. If C/ C f2 is open, let us say that 
a homomorphism a:£\U — > A\U is of finite type if there are a finite dimensional 
Banach space F, a plain homomorphism ip:£\U 0^\U, and a homomorphism 
(3:0^\U ^ A\U such that a = [3ip. Germs of finite type homomorphisms form 
a sheaf Hommin(£^, .4), and the choice Hom(£,^) = 'iilova.mixi{£ ■, A) defines an 
analytic structure. Clearly, any analytic structure on A satisfies 

Homniin(^,^) C Hom(£,^) c U.oYa.o{£,A). 

Neither of the two extreme structures will be of any importance in the sequel, 
except when A is locally finitely generated. In this case it is often useful to endow 
it with the minimal analytic structure Homminl^) 

3.8. Further examples of analytic sheaves come from analytic Frechet sheaves 
over a finite dimensional O, as defined in [Li]. If A is such a sheaf, the sheaves 
Hom(0^,^) of so called AF-homomorphisms endow A with an analytic struc- 
ture in the sense of this paper. 
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4. Resolutions 

4.1. Definition. A sequence ^ — > i3 — > C of analytic homomorphisms over is 
called completely exact if for each pseudoconvex U C 0, and each plain sheaf £ over 
fl the induced sequence on sections 

r{U, Hom(£, A)) T{U, Hom(£', B)) T{U, Hom(^, C)) 

is exact. In general, a sequence of analytic homomorphisms is completely exact if 
its subsequences of length three are all completely exact. 

Completely exact sequences are clearly exact, and an exact sequence ^ ^ 
jB — C is completely exact precisely when /3 is an isomorphism between the analytic 
sheaves A and /3{A) C B. 

Proposition. If B ^ C ^ is a completely exact sequence over a pseudoconvex 
VL, T is a plain sheaf over VL, and ip:T^C is an analytic homomorphism, then 
there is an analytic homomorphism '4>: J- ^ B such that = 77/^. 

Proof. Choose i/j in the preimage of (p under the surjective homomorphism 

7,: r(fi, Hom(J^, B)) r(0, Hom(J^, C)). 

4.2. Definition. An infinite completely exact sequence 

. . . ^ ^2 ^ ^ B ^ (4.1) 
is called a complete resolution of B if each J^^ is plain. 

We shaU denote (4.1) J^". ^ i3 ^ 0, or even B, 0, with Bq = B, B^ = J^n for 
n> 1. The induced sequence on sections is then written r([/, Hom(£^, B,)) 0. 

Proposition. In a complete resolution (4-.1) each Ker ipn-i — I'ni ipn has a com- 
plete resolution. 

Proof. Indeed, . . . '^""'"^) Tn+i -^—^ Im (^n — is a complete resolution. 

4.3. A homomorphism /3, = (/3„) of analytic complexes A^ and i3, is called analytic 
if each [3^: An B^ is analytic. 

Proposition. Given a complete resolution A» ^ and a completely exact sequence 
B» ^ over a pseudoconvex Q, any analytic homomorphism (fo: Ao — > Bq can be 
extended to an analytic homomorphism A» ^ B,. 

Proof. Let An+i — ^ An and Bn+i — > Bn denote the differentials of the com- 
plexes, a -I — 0, P-i = 0. Suppose for < j < n analytic homomorphisms (pj have 
been constructed so that Lpj-iaj-i = (3j-i(pj. Then (3n-i{<fnO(n) = <fin-iOin-iOin = 
0; since r{Q, Hom(^^_|_i, B,)) ^ is exact, there is a 

(Pn+l e r{n, Hom(^„+i, Bn+l)) with (^„Q!„ = PnVn+l- 

Continuing in the same way we obtain the desired homomorphism A» B,. 
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4.4. Theorem. Let . . . Ai Aq — > 6e a completely exact sequence over a 
pseudoconvex Q. If An has a complete resolution for n> 1, then so does Aq. 

Proof. First we construct a completely exact sequence — > ^ 0, where each 
Bn has a complete resolution, and Bi is plain. Let . . . ^ T'^ ^ Tn An — > be 
a complete resolution of An, n > 1. By 4.3 there are analytic homomorphisms V'n 
such that the diagram 





As > A2 



3 - 



Ai 



ceo 



Ao 







(4.2) 



<P2 



^ ^1 



commutes. We claim that the sequence 

. . . ^ © Ker ^2 ^ ^2 © Ker ^1 ^ j^i ^ A ^ 



(4.3) 



is completely exact, where we write i„ for the inclusion Ker ~^ and, with 
notation introduced in 3.3, 

/?0 = Q;o</fi, /3l = V'l - ''I, /^n = (tn © V'n-l)(V'n - ^n), n > 2. 

One checks that the /3„'s do map into the sheaves indicated in (4.3). 

With a pseudoconvex [/ C and a plain apply r(t/, Hom(£, •)) to both 
diagrams (4.2) and (4.3). We obtain diagrams of Abelian groups 



as 



A, 



0,2 



A. 



ai 



ao 



Ao 







(4.4) 



P3 



and 



^Fs® Ker /2 ^ © Ker /i ^ Fi ^ Ao 



0; 



(4.5) 



the first is commutative, its top row is exact, and each is surjective. Here 
bo = aofi, bi=pi-ii, bn = (in ® Pn-i){Pn - in), n > 2, 

where in = Ker F^ is the inclusion. It is straightforward computation that 

(4.5) is a complex. To prove (4.3) is completely exact we have to show (4.5) is 
exact. 



ANALYTIC SHEAVES IN BANACH SPACES 



11 



First, bo is surjective because both ao and /i are. Second, if ^ G Ker bo then 

/i^ e Ker ao = Im ai = Im ai/2 = Im fipi, 

we used the fact that /2 is surjective. Let /i^ = fiPiC and = piC — C ^ Ker /i, 
so that ^ = 61 (C, t^) G Im 61. Third, if n > 1 and (^, 77) G Ker 6„ = Ker (p„ — z^), 
then ry = and = fnPnC = CLnfn+i^- Hence, as before 

/n+l^ e Im an+l = Im an+l/n+2 = Im fn+lPn+l- 

Choose C so that /n+i^ = /„+iPn+iC, then u = Pn+iC"^ e Ker We conclude 

(^,77) = bn+iiC,iij) G Im 6n+i. Thus (4.5) is exact and (4.3) is completely exact. 
It follows from the Proposition in 4.2 that each J^n ® Ker (fin-i has a complete 
resolution; hence indeed there is a completely exact sequence 



63^62 



Pi 



0, 



where Si = T\ is plain and each Bn has a complete resolution. 
Consider the completely exact sequence 



/32 



B3 ^ ^ Ker eo ^ 0. 
By what we have proved there are completely exact sequences 

. . . — > C4 — > C3 — > £^2 — ^ Ker £0 — ^ 0, and so 
. . . — > C4 — > C3 — > £^2 ^1 Ao — > 0, 



with £2 plain and each Cn having a complete resolution. Continuing in this way we 
obtain a complete resolution S, — > Ao 0. 

4.5. Theorem ("Three lemma"). Suppose 0-^^ — > B — > C ^ is a com- 
pletely exact sequence over a pseudoconvex Q. If two among A,B, and C have a 
complete resolution, then so does the third. 

Proof. We can assume that A d B and (3 is the inclusion map. 
(a) If A and B have a complete resolution, then 4.4 implies that C also has one. 



In both remaining cases C is known to have a complete resolution . . . 
C — > 0. By the Proposition in 4.1 there is a commutative diagram 





J" 



A 



B 
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where i/^: ^ — > B is an analytic homomorphism. We let t : Ker ip ^ T denote the 
inclusion, and claim that the sequence 

O^Ker ^^^leJ'^^^fi^O (4.7) 

is completely exact. 

With a pseudoconvex t/ C and a plain E apply r(t/, Hom(£^, •)) to (4.6) and 
(4.7), to obtain diagrams of Abelian groups 

> A — ^ B — ^ C > 



and 



_ Ker / ^ A®F B ^ 0. (4. 



The first is commutative, its top row is exact, and / is surjective. The latter is 
clearly a complex and exact at Ker /; we have to check it is exact at the next two 
terms. If (^, ij) e Ker (6 — p) then p-q = = ^, whence = cpr] = frj. Thus 
r] e Ker / and (^, r]) = {p® i)r] Elm. p^i. On the other hand, if ( E B then with 
some r] E F 

—c( = fr] — cpr], i.e., C + PV — C ^ Ker c — A. 

Thus C = C ~ PV ^ ~ p)- We conclude that (4.8) is exact and so (4.7) is 

completely exact. Note that Ker (f has a complete resolution by 4.2. 

(b) Now suppose A too has a complete resolution. Then A(BJ-' also has one and 
by part (a) of this proof, (4.7) implies that so does B. 

(c) If B, rather than A, is known to have a complete resolution, then by part 
(b) (4.7) implies that A® has a complete resolution. In view of the completely 
exact sequence 

^ ^ A®J^ ^ A^O, 
part (a) lets us conclude A has a complete resolution. 

4.6. There is a clear parallel between properties of coherent sheaves and sheaves 
that have complete resolutions. However, one should bear in mind that if A and 
B have complete resolutions and ip: A ^ B is an analytic homomorphism, then 
Ker (fi C A will not necessarily have a complete resolution, not even locally; nor 
will Im (p <Z B, sec 5.3 below. Because of this, the proof of the Three lemma is 
more complicated than the corresponding proof for coherent sheaves. 

5. Cohesive sheaves 



5.1. Definition. An analytic sheaf A over O is called cohesive if each x E has 
a neighborhood over which A admits a complete resolution. 
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An analytic sheaf A that is locally isomorphic to plain sheaves (in other words, 
the sheaf of sections of a locally trivial holomorphic Banach bundle) is cohesive. 
Indeed, if £ is a plain sheaf over an open U G ^l such that S ^ A\U, then . . . — > — > 
S ^ A\U ^ is a complete resolution. Over a finite dimensional O there are many 
more examples of cohesive sheaves. It can be shown that coherent sheaves with their 
minimal analytic structure discussed in 3.7 are cohesive. We do not know whether 
Leiterer's Banach coherent analytic Frechet sheaves, with their analytic structure 
defined in 3.8, are cohesive or not. — The theory developed in this paper nevertheless 
can be generalized so that it includes the sheaves considered by Leiterer. In the 
definition of plain sheaves one can restrict to Banach spaces E in some full 
subcategory of all Banach spaces, and base the notion of cohesive sheaves on this 
restricted class of plain sheaves. As long as the subcategory of Banach spaces we 
choose is closed under (an appropriate completion of) countable direct sums, all 
our results up to Section 9 carry over. If the subcategory consists of spaces of 
discrete measure spaces, also known as spaces, the resulting cohesive sheaves over 
finite dimensional Q will be the same as Banach coherent analytic Frechet sheaves. 
This follows from [Li, 1.3 Proposition, Theorems 2.2, 2.3, and Lemma 3.4]. — 

Further examples of cohesive sheaves can be constructed by the following theo- 
rem, an immediate consequence of 4.5. 

Theorem. Suppose 0~^A-^B^C-^Oisa completely exact sequence over Q. 
If two among A, B, and C are cohesive, then so is the third. 

5.2. If X' is another Banach space, fl' C X' is open, and /: f2 — > fi' is biholomor- 
phic, sheaves of Cn'-modules can be pulled back by / to sheaves of On-modules. 
The puUback of a plain sheaf will be plain, and the puUback of an analytic sheaf 
will carry a natural structure of an analytic sheaf; finally, the puUback of a cohesive 
sheaf will be cohesive. 

5.3. However, not all properties of coherent sheaves carry over to cohesive ones. 
The following is an adaptation of an example of Leiterer, [Li, p. 94]. 

Example. Over C there is an analytic endomorphism ip:T^J-oja plain sheaf 
such that the sequence 

Ker ^ ^ Im ip ^ Q 

is completely exact, hut neither Ker (p nor Im (p is cohesive. 

Let F ^P, T =0^, and with C G C consider V(C) e Hom(F, F), 

V'(C)(z/o, 2/1, • • • ) = (z/i - Cyo, z/2 - Cz/i, • • • )> y= ivn) e f. 

In fact, ip:C^ Hom(F, F) is holomorphic, and induces an analytic endomorphism 
(p of J^. The kernel /C of </? is supported on the disc D — ^ C: (\ < 1}, where it 
is generated by the function h{C) — {C^)^^q. 
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As to J" = Im </?, over D it agrees with J^. Indeed, since the restriction of '0(C) 
to the hyperplane {yo = 0} C F is at distance |C| < 1 to an isometric isomorphism, 
this restriction is invertible. It follows that over D (p has an analytic right inverse 
T ^ whence J\D = T\D; also for any plain £ = and open U C D the 
sequence 

^ T{U, Hom(£:, /C)) ^ r{U, Hom(£:, JT)) ^ r{U, Hom(£:, J)) (5.1) 
is exact. 

In fact, (5.1) is exact for all open U C C. To prove this we shall need two 
auxiliary results. 

Proposition 1. Let W C C be open and a:W ^ Hom{E,F). If for each e E E 
the function o^{■)e: W ^ F is holomorphic, then a itself is holomorphic. 

Proof. This is the content of [M, Exercise 8E], whose solution rests on Cauchy's 
formula and the principle of uniform boundedness. 

Proposition 2. Let c e dD, U C C a neighborhood ofc, and a: U\D — > Hom{E, F) 
holomorphic. If for each e & E the function o^{■)e analytically continues across c, 
then so does a. 

Proof. Fix £ > so that c is the unique point on d{U\D) at distance < £ to 
(1 + e)c = c'. With A e (0, oo) and B e (0, 1/e) consider 

Eab = {eeE: \\a'^''^c')e\\F < AB^k\, = 0, 1, . . . }. 

These are closed subsets of E, and the assumption, combined with Cauchy esti- 
mates, implies that their union is all of E. By Baire's category theorem some Eab 
has an interior point, whence e int Eab for some (perhaps other) ^, B; and in 
fact 

\\a^^\c')e\\F < AB^k\\\e\\E, eeE 

(with yet another A, B). But then this implies that the Taylor series of a about c' 
has radius of convergence > 1/B > e, and represents the analytic continuation of 
a across c. 

Now we return to the analysis of the Example, and show that for every plain 
£ = the sequence 

^ Hom(£:, /C) ^ Hom(£:, .F) ^ Hom(£:, J) ^ (5.2) 

is exact; exactness over D we already know. As always, the issue is whether 99* is 
surjective. To verify this, consider c e C\D and a germ c e Hom(£, J7')c repre- 
sented by a section t of Hom(£^, J) over some connected neighborhood t/ C C of 
c. Let L be induced by a holomorphic function 9:U ^ Hom(£?, F), and write 

^(C)e=(^n(C)e);r=oeF, CeU, eeE. 
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For each e e E then 9{-)e induces a section of JlU. Since ]C\C\D = 0, there is a 
unique F valued holomorphic function g = (gn) on a neighborhood of U \ D such 
that 

0{C)e = HOgiO, i.e., e.{C)e = g.+^{C) - CqAC) 

for 1/ = 0, 1, 2, . . . andC eU\ D. 
One computes 

- Yl r-''-'oAc)e^9n{c)-r-''9N{c) 

n<u<N 

for N > n, hence 

^^J- E C-^-'OAOe)Z^^g{0. (5.3) 

n<u<N 

For fixed G U \ D, if we vary e, the A^'th term on the left hand side of (5.3) 
represents a continuous linear operator Sn : E F, According to (5.3) the Sn 
converge pointwise, so that by the principle of uniform boundedness a{() — lim5'Ar 
is a continuous linear operator. Hence we have a function a: U\D — > Hom(£', F), 

oo 

to which Proposition 1 applies, cf. (5.3). We conclude a is holomorphic; also 
ipa = 9 over U\D. 

Now if c ^ dD then U\D is a neighborhood of c. If c e dD then by (5.3) 
(j{-)e continues across c for each e & E. Therefore Proposition 2 implies that a 
itself continues across c. In either case there are a neighborhood y of c and a 
holomorphic a:V ^ Hom(£', F) satisfying tfja ~ 9 over V. Passing to germs at c 
we obtain t G Im and (5.2) is indeed exact. 

Note that for any open U C C 

H\U,Uom{S,}C)) = H\U nD,Uom{S,0)) = H\UnD,0^*) = 0, 

see [Bi, Theorem 4], [Bu, p. 331], [Li, Theorem 2.3], or 9.1 below. Hence the 
cohomology sequence of (5.2) gives that (5.1) is exact. 

Thus we proved that >Ois completely exact. However, 

/C = Ker (f is not cohesive. Indeed, on a connected neighborhood t/ of 1 G C any 
analytic homomorphism S ^ IC\U C jF|t/ofa plain sheaf S must be on U\D, 
hence on all of U. — Therefore = Im (p cannot be cohesive, either, by virtue of 
the Theorem in 5.1. 

5.4. Similar constructions lead to two more noteworthy examples. 
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Example. There is a cohesive sheaf A over C whose support has interior points 
yet it is not all of C. 

We take F = = as in the previous example, but now we define a 

holomorphic ip-.C ^ Hom(F, F) by 

^^(0(2/0, 2/1, • • • ) = (2/0, 2/1 - C2/0, 2/2 - C2/1, • • • )■ 

The analytic endomorphism <^:T ^ T induced by '0 has kernel this time. As in 
5.3, one shows that the sequence — Im </? — * is completely exact. Thus 
Im pa ^ and — by 9.2 below — A — T jlm. ip are cohesive; and the support of this 
latter is C\D. 

5.5. Example. There is a plain sheaf T over C and two cohesive subsheaves A, 
B <Z J- such that AC^B is not cohesive. 

Again leiF = 1"^, T = and consider holomorphic maps ^1, C — > Hom(F, F) 
V'i(C)(2/o,2/i,---) = (2/o,C2/o,2/i,C2/i,2/2,Cy2,---)> 

V'2(C)(2/o,2/i,---) = (yo,2/i,Cyi,y2,Cy2,2/3,---)> 

and the induced analytic endomorphisms <^i,<^2 of The left inverses of V'i(C), 
V'2(C) given by 

2/^ (2/1,2/3,2/5, •••)> resp. (?/i,?/2,2/4,2/6,---) 

induce analytic left inverses of (/?2, so that (pj are in fact analytic isomorphisms 
on their images. In particular, A — Im and B — Im are cohesive. However, 
AnB coincides with Ker (p of the Example in 5.3, and is not cohesive. 

6. Resolutions and cohomology 

6.1. Now we turn to the following two questions. First, how can cohesive sheaves 
be constructed in infinite dimensional spaces, beyond those that are locally isomor- 
phic to plain sheaves? Second, do higher cohomology groups of cohesive sheaves 
over pseudoconvex sets vanish? Eventually we shall answer the second question in 
the aflfirmative in rather general Banach spaces, and will obtain a useful if quite 
particular answer to the first. In this Section and in the next we shall concern 
ourselves with a special case of the questions: how to recognize when a sequence of 
analytic homomorphisms is a complete resolution; and, once a complete resolution 

— > ^ — > over a pseudoconvex Q, is granted, how to prove H'i{Vt,A) = for 
q > 1? Of course, one hopes to exploit H'^{Q,Eri) = 0, q > 1, which is known in a 
large class of Banach spaces. It turns out that the two issues are related, and are 
best treated in generality greater than that of Banach spaces, at least initially. 

6.2. We start with a simple result on the continuity of Cech cohomology groups, 
versions of which have been well understood and widely used in complex analysis 
for a long time. 
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Lemma. Let fC be a sheaf of Abelian groups over a topological space fl, and q >2 
an integer. For N = 1,2, let iXjv, QJjv? and Wn be families of open subsets of 
Q, each finer than the previous one. Assume the sequences {ilAr}?^=i, {^n}n=1} 
and {Wn}n=i ^'^^ increasing, and the refinement homomorphisms 

are zero. Then, writing il = lJi°^JV md W = 21Jjv, the refinement homomor- 
phism H'^{ii, /C) H'^{W, /C) is also zero. 

Proof. We shall write 23 = ^n- Let us introduce the following notation. If 6 
is a family of open subsets of fi, (C*(©),5) denotes the Cech complex of &, with 
values in /C, and Z*{&) = Ker 5 the complex of cocycles. Given a finer family T and 
a refinement map T — > 6, we denote the induced homomorphism C*{&) — > C*{%) 
by / 1-^ /|T. — Among the families in the Lemma there are various refinement maps: 
first of all, the inclusions iljv — ^ ii, etc. for < M; then refinement maps 

Wn ^ ^ Hat, that we choose to commute with the inclusions; and finally, 
2IJ — > il, the union of the maps 211 at — > iXjv- We fix these maps and the induced 
homomorphisms on the groups of cochains. 

To prove the Lemma, let / G Z'^(il) represent a cohomology class [/] G H'^{ii, /C). 
By the assumption, for each N there is a (/at G C"^~^(Q3) such that f\'^N = SgNl'^N- 
It follows that {gN —gN+i)\^N G Z'^~^(2Jjv), hence, again by the assumption, there 
is an Hn G C^"^(22J) such that (^jv — fi'Ar+i)|2IJjv = SHnIWn- If we define 

N-l 

kN^gN + SJ2hneC'^-\W), 
1 

then /c7v+i|21Jjv = kNl^N, and so there is a /c G C"^^^(2H) such that /c|2Ujv = 
kNl^N- Since f\W = 5k, the image of [/] in i7^(22J, /C) is 0; the cocycle / being 
arbitrary, the Lemma is proved. 

6.3. Let ^ be a basis of open sets in a topological space Cl. (In subsequent applica- 
tions, f2 will be an open subset of a Banach space and ^ the family of pseudoconvex 
subsets of 

Definition. We shall say that ^ is exhaustive if, given any P G ^ and any open 
cover il of P, there is an increasing sequence of Pn G ^, each covered by finitely 
many elements of il, such that Pn = P- 

6.4. Theorem. Let Q be a paracompact topological space, ^ an exhaustive basis 
of open sets in Q, closed under finite intersections; let O G be another basis of 
open sets, also closed under finite intersections. Consider an infinite sequence 

...^A^^Ai^Ao^O (6.1) 

of sheaves of Abelian groups over Q. Assume 
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(i) the induced sequence on sections 

. . . ^ r{u, A2) ^ r{u, Ai) ^ T{u, Ao) ^ (6.2) 

is exact for all U & O; and 
(ii) Hi{U, Ar) = forq,r>l, U e^. 

Then 

(a) (6.2) is exact for all U G and 

(b) Hi{U, Ao) =0 forq>l,U e"^. 

If (6.2) is exact then clearly so is (6.1). Now given an exact sequence (6.1) 
and a fixed t/ C fi, the sole hypothesis H'^{U,Ar) = for all q,r > 1 already 
implies H'^{U, Aq) = 0, g > 1, provided that either Ar = ^ for some r, or Q, is finite 
dimensional. In the absence of these finiteness conditions it is not hard to construct 
examples where H'^{U,Ar) = for r > 1 but not for r = 0. Since the resolutions 
we are working with in this paper are over infinite dimensional Q, and typically all 
7^ 0, we are forced to make the stronger assumptions (i) and (ii). The proof will 
still rest on a finiteness property, the one in the definition of cxhaustivity. When 
it comes to applying the Theorem in complex analysis, the hardest is precisely to 
prove that the family of pseudoconvex sets is exhaustive. 

Proof of (b). Since for any [/ G ^ the family = {PClU: P G ^} is an exhaustive 
basis of open sets in U, it will suffice to verify (b) for U — under the assumption 
that n itself is in This is what we shall do. 

We start by introducing /C^ = Ker ar-i = Im ar C Ar and /Co = that fit in 
short exact sequences 

^ }Cr+l ^ Ar+1 ^ICr^O, r > 0. (6.3) 
By (i) the associated sequences 

^ r(u, iCr+i) r{u, A+i) ^ r(t/, JCr) o (6.4) 

are also exact for U E O. 

The heart of the matter is the following: Given an increasing sequence of fam- 
ilies iXjv C O such that il = [j"^ Hn covers fl, there is an increasing sequence of 
families QJtv C D, each QJjv finer than Itjv, such that Ui° also covers f2, and 
the refinement homomorphism 

Hi{!dN, ICr) H^i^N, }Cr) is zero for q>l. (6.5) 

To verify this, choose an increasing sequence of P/v £ ^7 each covered by a finite 
%N C il, such that [J^ Pjv — ^- At the price of introducing empty sets at the start 
and repeating some of the Pjv's, we can assume that Xjv C iXjv n Tat+i, and has 
< N elements. Consider the covering 



^ {V e 0:V G Pn nT with some T G %n} 
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of Pn- Thus ^Jat is finer than iljv- 
(6.4) induces exact sequences 

> C*(iljv, /Cr+l) C'{iiN,Ar+l) > C*{iiN,ICr) 



C^i^N, fCr+l) C'{^N,Ar+l) ^ C"(2JiV,/C^) ^ 0. 

With vertical arrows determined by a refinement map ^J^r — > Htv, this diagram is 
commutative. The bottom row induces an exact sequence 

Assumption (ii) impHes that ^Jat is a Leray covering of Pjv for the sheaf Ar+i, hence 
the first and last groups in (6.6) vanish if g > 1. It follows that the connecting 
homomorphism c is an isomorphism. 

There are also connecting homomorphisms H'^{iiN,K.r) H'^'^^ {Hn , K.j,^i) , but 
they need not be isomorphisms. The various connecting and refinement homomor- 
phisms make up a commutative diagram 

m{^N,lCr) HI+^Hn, JCr+l) ... ^ iy«+^(iliv,/C.+iv) 



Since some refinement map QJjv — ^ Hat factors through Tat, the map p in the 
diagram factors through H'^~^^{%N,JCr+N). This latter group, however, is zero, 
because Tjv has < elements. Therefore p is the zero map, and (6.5) follows. 

Similarly, there is an increasing sequence 253 at C O, each 22? at finer than QJjv, 
such that W = IJ^ Wn covers fl and the refinement homomorphism 

Hi{^N, }Cr) H'i{Wn, }Cr) is zero for g > 1. (6.7) 

Now consider an arbitrary covering iX C O of and let iljv = iX for A = 1,2, 

Construct QJat, SIJat, 2IJ as above. In view of 6.2, (6.5) and (6.7) imply i?^(iX, JCr) 
H'^{W,}Cr) is zero for q > 2, and therefore so is the canonical homomorphism 
H'^{ii,}Cr) H'^{fl, JCr). Since the inductive limit of these homomorphisms, as 
it ranges over coverings C D, is the identity map of H'^{Q, )Cr), it follows that 
m{n,lCr) = for g > 2. 

To take care of g = 1, consider a portion of the exact cohomology sequence 
associated with (6.3): 
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in which the first and third terms vanish by (ii) and by what we have just proved. It 
follows that the middle term also vanishes. Since in all this proof Q can be replaced 
by any U e in fact 

H'^iU, }Cr) = 0, q>l, r > 0, U E ^. (6.8) 

In particular (r = 0) H'^{U,Ao) = for g > 1, as claimed. 

Proof of (a). With f/ e ^ consider now the beginning of the exact cohomology 
sequence of (6.3) 

^r{U,]Cr+i) ^r{U,Ar+l) ^r{U,JCr) ^ H\U,JCr+i). (6.9) 

In view of (6.8) the last term is 0, so that (6.9) is a short exact sequence; which is 
just another way of expressing (a). 

7. Resolutions and cohomology in Banach spaces 

7.1. Before we can apply the Theorem in 6.4 to complete resolutions over an open 
subset of a Banach space, we must find a suitable family ^. Assumption (ii) and 
the conclusion of the Theorem suggest that ^ should consist of all pseudoconvex 
subsets of O. However, it is not known whether in a general (or even separable) 
Banach space pseudoconvex subsets form an exhaustive family, and for this reason 
we shall restrict ourselves to spaces where exhaustivity is known. Banach spaces 
with an unconditional basis (see 1.5) are such. As in earlier works [L4-6], on which 
this one rests, we shall introduce a larger class of spaces X, and discuss cohesive 
sheaves in this class. Let 

Bxip) = B{p) = {xeX: \\x\\ < p}, p> 0, 

and consider the following 

Hypothesis. There is a p & (0, 1) such that for any Banach space E, holomorphic 
function f:B{l) —>■ E, and s > 0, there is a holomorphic function g: X ^ E 
satisfying \\f{x) - g{x)\\E < s if x e B{p). 

All Banach spaces with an unconditional basis satisfy the Hypothesis, see [L3,J2], 
and some without unconditional basis also satisfy it, see [PI, Me]. It may very well 
be that the Hypothesis holds in all separable Banach spaces. 

7.2. Lemma. If X satisfies the Hypothesis above then so does X © C. 

Proof. Whether a space satisfies the Hypothesis depends only on its topology (al- 
though passing to an equivalent norm may affect the value of p). We are there- 
fore free to choose any norm on X © C; we shall use ||(x,C)|| = max([|a:||, |C|). 
Given a Banach space E, consider the space F of bounded holomorphic func- 
tions -Be (1/2) E, endowed with the sup norm. Any holomorphic function 
/: 5xec(l) — E gives rise to a holomorphic function (p: Bx{l) — > F, 



^{x)^f{x,-), xeBx{l), 
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which, by assumption, can be approximated by holomorphic ip: X ^ F, uniformly 
on some Bx{p)- Here < p < 1/2 is independent of /. The function h{x,() = 
ip{x)((^) is holomorphic on X x Bc{l/2), and, according to [L2, Theoremc 1.1], can 
be approximated by a holomorphic g:X (BC ^ E, uniformly on Sx®c(p)- From 
this the Lemma follows. 

7.3. The Hypothesis in 7.1 concerns us because of the following two results, proved 
in [L5,6]: 

Theorem 1 (Plurisubharmonic domination). Suppose a Banach space X has 
a Schauder basis and satisfies the Hypothesis in 7.1. IfQdXis pseudoconvex and 
u:Q^M.isa locally bounded function, then there is a continuous plurisubharmonic 
function v:Q ^R. such that v > u. 

Theorem 2. // X and O are as above, L ^ Q is a locally trivial holomorphic 
Banach bundle, and q > I, then H'^{Q,L) = 0. In particular, if A is a plain sheaf 
over n, then Hi{n,A) = 0. 

According to [P6, Theorem 1.3], in Theorem 2 the Hypothesis from 7.1 can be 
replaced by the assumption that in Q plurisubharmonic domination is possible (in 
the sense of Theorem 1). 

7.4. Lemma. Suppose X has a Schauder basis and the Hypothesis in 7. 1 holds. If 
VL <Z X is open, then the family ^ of pseudoconvex subsets of VL is exhaustive. 

Proof. Let It be an open cover of P e *p. To produce the required sequence Pjv, we 
can assume by Lindelof's theorem that il = {[/i, C/2, • • • } is countable. For x & P 
define u{x) to be the smallest n such that x & Un- By plurisubharmonic domination 
there is a plurisubharmonic v.U M such that u < v; then P is the increasing 
union of Pn = {x e P: v{x) < N} C 11^ and each Pn G ^. 

7.5. Corollary. // X and Q are as in 7.4, and B, ^ is a complete resolution 
over Q, then for any plain sheaf £ over Q. and pseudoconvex U <zQ. 

iy«(C/,Hom(£,So)) = 0, q>l. (7.1) 

Proof. Apply 6.4 with — O consisting of all pseudoconvex subsets of fi, and 
Ar = Hom(£,i3r.). The assumptions in 6.4 are satisfied by 7.4 and Theorem 2 
above, and (7.1) follows. 

7.6. Lemma. Let X, Q be as in 7.4, and 

B.^Bo^O (7.2) 

a sequence of analytic homomorphisms over Q, with Br plain for r > 1. If each 
X & Q has a neighborhood over which (7.2) is completely exact, then it is completely 
exact over Q. 

Proof. This follows from 6.4 if we let ^ consist of all pseudoconvex subsets of O, O 
consist of those U E'^ over which (7.2) is completely exact, and Ar = Hom(£^, Br), 
S an arbitrary plain sheaf. Again, the hypotheses in 6.4 are satisfied by Theorem 2 
and 7.4 above. 
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8. Gluing Complete Resolutions 

8.1. In this Section X will denote a Banach space with a Schauder basis that 
satisfies the Hypothesis in 7.1, and Q, <Z X will be pseudoconvex. We shall prove a 
few results to the effect that if an analytic sheaf A over Q has complete resolutions 
over certain subsets of f2, then it has one over all of Q,. The corresponding result in 
finite dimensions depends on a lemma of Cartan concerning holomorphic matrices, 
which is a way of saying that certain holomorphic vector bundles are trivial. We 
start with a similar result in our infinite dimensional setting. 

8.2. Lemma. Let n: L ^ Q x C be a locally trivial holomorphic Banach bundle. If 
the restriction L\Q x {(} is trivial for some C £ 'C, then it is trivial for all C £ C. 

This also follows easily from [P6, Theorem 1.3d]. 

Proof. First we show that L admits a holomorphic connection, i.e., there is a holo- 
morphic subbundle of TL that is complementary to Ker tt*, and is compatible with 
the vector bundle operations. If over an open U C O, x C there is a holomorphic 
connection H C TL\U, and 9 is an L-valued holomorphic 1-form on U, another 
holomorphic connection over U can be constructed as follows. For y E 
I E Ly, and rj E Tyll, let 9i{r]) E TiLy denote the vector corresponding to 9{r]) E Ly 
under the canonical isomorphism Ly ^TiLy. Then define 

Hf = {XeTiL:X- 91(77 A) G Hi}, and = [j Hf . 

ieL\u 

One easily checks that the subbundle C TL\U thus obtained is indeed a con- 
nection; conversely, any holomorphic connection H' on L\U is obtained from H via 
a unique holomorphic 1-form 9; and iJ^i+^s _ (H^^y-^ _ 

Since L is locally trivial, x C can be covered by open subsets U over which 
L admits a holomorphic connection Hu. If C/ fl F 7^ 0, there is an L-valued 
holomorphic 1-form 9uv = 9 orvU nV such that Hy = Hfj over U HV. The 9uv 
form a holomorphic cocycle with values in the bundle of L-valued 1-forms. Now 
X © C has a Schauder basis and, by 7.2, satisfies the Hypothesis in 7.1. Therefore 
Theorem 2 in 7.3 applies, and it follows that there are holomorphic L-valued 1- 
forms 9u on each U such that 9u — 9v = 9uv- This latter means that over U CiV 
the connections H^^ and Hp" coincide, and so define a holomorphic connection H 
on L. 

Given H, we can construct an isomorphism between any two restrictions L\fl x 
{(■}, L\Q X {('}■ If I e L^j.^^), lift the line segment joining (a;, C) with (xX') to a 
curve in L, starting at I and everywhere tangential to H. Denoting the endpoint 
of the curve the map $ will be an isomorphism between the two restricted 

bundles. Therefore if one of them is trivial, so is the other. 

8.3. For purposes of this Section we introduce the following terminology. Let 
U C X he open, E a Banach space, and GL(L') C Hom(L', E) the open subset of 
invertible homomorphisms. This is in fact a Banach-Lie group. 
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Definition. A holomorphic map GL(£') is called connectible if there is 

a holomorphic (f:U x C — > GL(£') such that (fi{x,0) = ids and (fi{x,l) = (p{x), 
X & U. The map is called a connecting map of (p. 

Proposition. Let A be an analytic sheaf over a pseudoconvex W (Z X . Given 
Banach spaces E, E' , and completely exact sequences 

0^\W ^ A^Q and 0^'\W ^ A^Q, 

denote by tt, tt' the projections Q^®^ — > ^ resp. ; then there is a connectible 
s:W ^ GL{E e E') such that a'n' = ane. 

Above we identified e with the analytic endomorphism of it induces. 

Proof. By the Proposition in 4.1 the homomorphisms a' and a can be factored 

a' = ai/j, a = a'ip, 

with analytic homomorphisms 

iP:0^'\W ^0^\W, <f:0^\W ^ 0^'\W 

Again, wc shall denote the corresponding holomorphic maps W }iom{E',E), 
resp. Hom(£^, E') by the same symbols ip, (p. Defining e:W xC ^ GL{E © E') by 

iTi:')^ (:')-*^' 

it is straightforward that e{x) = e{x, 1) does it. 

8.4. Proposition. Let V,V' <Z X be open, V r\V' = W and V\JV' pseudoconvex. 
If an analytic sheaf A over V UV' has complete resolutions over V and V' then it 
has one over V UV' . 

Proof. Consider the end portion of complete resolutions over V and V 

0^\V ^A\V ^0 and O^' \V' ^ A\V' ^ 0. (8.1) 

Apply the previous Proposition with the restrictions a\W, a'\W. Putting F = 
E®E' , there are a holomorphic e:W ^ GL(F) and a connecting map e: x C — > 
GL(F) such that 

qj'tt' = QjTre over W. (8.2) 

Glue the trivial bundles 



F X (V X C) ^ V X C and F x {V' x €) ^ V' x € 
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together with the gluing map £, to obtain a holomorphic Banach bundle L — > 
{V U V) X C. Since £(a;,0) = id, L\{V U V) x {0} is trivial; by 8.2 L is therefore 
trivial over {V U V') x {1} as well. Hence there are holomorphic 

5:V ^ GL(F) and 5':V' ^ GL(F) 

such that e = 55'~^. Since the analytic homomorphisms 

aTT5:0^\V ^ A\V and a'TT'5':0^\V' ^ A\V' 

agree over V r\V' according to (8.2), they induce an analytic homomorphism 
ipQ:0^\VUV' ^ A. 

Call F = Fi, and let Ai = Ker (po. The sequence ^ Ai ^ O^^ ^ ^ ^ is 
completely exact over V and V, because the sequences (8.1) were; and by the Three 
lemma in 4.5 both Ai\V and .4i|y have complete resolutions. We can therefore 
repeat our construction above, and obtain sequences of analytic homomorphisms 

O^Ar-^ O^^ Ar-1 ^ 

over VuV, that are completely exact over V and V'. These short exact sequences 
can be consolidated in a sequence 

. . . ^ Oi^2 ^ 0Fi ^ ^ ^ 

itself completely exact over V and V. In view of 7.6 it is therefore a complete 
resolution over V UV . 

8.5. Proposition. Suppose Q is the increasing union of pseudoconvex Oat C O, 
N E N, and A is an analytic sheaf over Q. If A has a complete resolution over 
each Q n then it has one over Q too. 

Proof. There are completely exact sequences 

o^^\nN ^ A\nN ^0, 

with Banach spaces (-Ejv, 1| \\n)- Consider the l°° sum 

F = {e = (ejv)i°: each ejv G and ||e||i? = sup ||ejv||jv < oo}, 

N 

and the projections ttn: O^^ . 

For each apply the Proposition in 8.3 with a — aN, ol' — cktv+i I^^tv- The 
resulting connectible e: fiiv — > GL{Ejq © -Eat+i) can be extended to a holomorphic 
Sn'-^n — GL(F), by letting sn{x) ioT x E ^In act by identity on each En, n ^ 
N,N + 1. Thus we have 

aN+iT^N+i — ctNT^N^N over Qn. (8.3) 
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The maps Sn are also connectible, let En be their connecting map. 

Next construct a holomorphic Banach bundle L — > f2 x C with fiber F, by gluing 
together trivial bundles over fijv x C with gluing maps 

£m-i£m-2 • • -^at: (f^M n Oiv) X C — >• GL(F), 

M > N. Again L\Q x {0} is trivial, whence so is L|n x {1} by 8.2. Therefore there 
are holomorphic 5n-^n GL(F) such that En = 5n5^\i- Now (8.3) implies 
the maps cuTv+iTTAr-i-i^Ar+i and aNT^N^N agree over Qn, hence define an analytic 
homomorphism (pQi — > A. 

Write Fi for F and Ai = Ker (po, to obtain, as in 8.4, a sequence — > ^ 
— ^ — > 0, completely exact over each Q^. By the Three lemma in 4.5, each 
wAilO^r has a complete resolution. As in 8.4, we can repeat our construction to 
produce sequences of analytic homomorphisms 

^ A ^ O^^ Ar-l ^ 0, 

that are completely exact over each Q^, and give rise to a sequence 

^C)^! ^^^0, (8.4) 

itself completely exact over each Q^. By 7.6 we can conclude that (8.4) is in fact 
a complete resolution. 

8.6. The Proposition in 8.4 is sufficient to construct a complete resolution of a 
cohesive sheaf over compact subsets of a pseudoconvex Q, and this is all Cartan 
needed in the finite dimensional case he studied. The more precise result of Leiterer, 
that a (complete) resolution exists over all of 0, — still assuming dimfi < oo — 
depends on 8.5 as well. To deal with infinite dimensional Q one more ingredient 
will be needed. 

Proposition. Let A be an analytic sheaf over Q; let n eN, p E Hom{X, C"), and 
p = p\Q. If D = p(0) C is pseudoconvex and can be covered by open V C D 
such that A\p~^V has a complete resolution, then A itself has a complete resolution. 

Proof. We first show that A\p~^U has a complete resolution if U G D is relatively 
compact and pseudoconvex. Suppose for some U it does not. Let siC^ — > M be 
R-linear, c < d real numbers, and 

U+ = {ze U: s{z) > c}, U- ^{ze U: s{z) < d}. 

Both U"^ are pseudoconvex and U'^ U U~ = U. It follows from 8.4 that A cannot 
have a complete resolution over both p~^U^. Denote by Ui one of U"^ so that A 
has no complete resolution over p~^Ui. Choosing further linear forms si,S2, . . . 
and ci < (ii, C2 < (i2, • • • , etc. we obtain a sequence U Z) Ui D U2 ^ ■ ■ ■ with the 
property that A\p~^Uk has no complete resolution, k E N. A judicious choice of 
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Sk, Cfc, dk will ensure that diam Uk 0, so that the Uk converge to some z E D. 
Hence the assumption implies that A\p~^Uk has a complete resolution for some k, 
after all; this contradiction shows that A\p~^U must have a complete resolution. 

Once this granted, exhaust D by an increasing sequence of relatively compact 
pseudoconvex Dn <Z D. Since Q is the increasing union of the pseudoconvex subsets 
P~^Dn, the Proposition follows from 8.5. 

9. The Main Theorem 

9.1. Theorem. Suppose a Banach space X has a Schauder basis and satisfies the 
Hypothesis in 7.1. If A is a cohesive sheaf over a pseudoconvex Q G X, then 

(a) A admits a complete resolution; 

(b) ^) = for q > I; and more generally, 

(c) Hom(£^,^)) = for q>l and £ a plain sheaf. 

Relying on [P6, Theorem 1.3], here the Hypothesis from 7.1 can be replaced by 
assuming that in every pseudoconvex subset of Q. plurisubharmonic domination is 
possible; see the remark in 7.3. 

Proof. Fix a Schauder basis ei, 62, . . . G X, and let ttjv: X — > X be the projection 

00 TV 

1 1 

As explained in [L4, Section 7], it can be arranged that the norm || || in X is such 
that all projections ttjv — ttm have norm < 1, and in what follows we shall assume 
this. We set B{x, R) = {y e X: \\x - y\\ < R}. 

There is a function ti: O M such that for x G O the restriction of A to 
B{x,2e~'^^^^) C O has a complete resolution; in fact, u can be chosen locally 
bounded. Plurisubharmonic domination in 7.3 yields a continuous plurisubhar- 
monic function f2 — > (0, 00) such that v > u. Thus A\B{x, 2e~"^^^) has a complete 
resolution when x E Q. Define 

DN = {zefin ttnX : e"^^^ < 2N + 2}, 

ftN^ixe ti^^Dn : \\x - TiNx\\ < e-'^('^^^)}. 

According to [L6, Proposition 4.3], each Ojv C is pseudoconvex. Clearly, each 
z & Dn has a neighborhood V G Dn such that 

^^ivHTTj^V C B{z,2e-<^^); 

in particular, ^IOat fl Tr^^y has a complete resolution. By the Proposition in 8.6 
therefore ^[Oat also has a complete resolution. 

To conclude, note that according to [L6, Proposition 4.3] = nn>iv ^ 
locally finite intersection — hence each Q'j^ is (open and) pseudoconvex — and 0, = 
IJfi^. Since each ^|S1^ also has a complete resolution, 8.5 applies and we obtain 
(a). Finally, (b) and (c) follow from (a) by virtue of 7.5. 
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9.2. Lemma. Suppose a Banach space X has a Schauder basis and satisfies the 
Hypothesis in 7.1. Let A be an analytic sheaf over an open Q (Z X and B <Z A a 
cohesive subsheaf. If one of A and A/B is cohesive, then so is the other. 

Proof. The way subsheaves and quotient sheaves were endowed with an analytic 
structure in 3.4 imphes that for any plain sheaf £ over Q. 

^ Hom(£:, B) Hom(£, A) Hom(£, A/B) 

is exact. If C/ C is pseudoconvex, the associated cohomological sequence gives 

^ r(t/, Hom(£:, B)) r(t/, Hom(£:, A)) 

r(C/,Hom(£:,^/B)) ^ iy^(C/,Hom(£:,B)) = 

in view of 9.1. Hence — > i3 — > .4 ^ A/B ^ is completely exact and the claim 
follows from the Theorem in 5.1. 

10. Sheaves Associated with Submanifolds 

10.1. Consider Banach spaces X and F, a complemented subspace F C X, A; e N, 
and the sheaf J G of germs vanishing on Y to order k. Thus over X \ Y the 
sheaves J and coincide. There is a complex of analytic homomorphisms 

...^n2^ni^no = J^o, (lo.i) 

that generalizes Koszul's complex (to which it reduces when codim y < oo and 
k — 1), defined as follows. Fix a closed complement Z<zXofY, and let Er denote 
the Banach space of alternating r-linear forms Z © Z © . . . © Z — > F, Eq = F. 
In the natural identification of the tangent spaces Tr^X with X, the subspaces 
Tj:(Z + x) C TxX correspond to Z. Hence sections of O^"" over U G X can be 
identified with holomorphic relative r-forms e on U, with values in F; relative 
meaning that e can be evaluated only on r-tuples G TxX,j — 1, . . . , r, that are 
tangent to Z + x. We let Hr C O^"^ denote the sheaf of such holomorphic relative 
r-forms, which in addition vanish on Y to order k — r if r < k. Thus Tir = O^"" 
when r > k, and Hq = J ■ 

Furthermore, consider the fiow gi on X given by 

Its infinitesimal generator ^ = dgt/dt\t=Q is a vector field on X, tangential to 
the subspaces Z -\- x. In the identification of Tyj^^X with X, the vector ^{y + z) 
corresponds to z & Z G X. Contraction with ^ defines an analytic homomorphism 
QEr+i 3 g g O^'' . We set Lpr — '-gl'^r+i to construct the complex (10.1). 
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10.2. Lemma. Let V (ZY, W G Z be open and convex. If U = VxW(lX then 
the induced complex T{U,H») — > is exact. 

A version of the Lemma in the case k = 1 was also found, with the same proof, 
by Patyi, see [P7, Proposition 2.1]. 

Proof. Since the flow gt preserves each submanifold Z + x, it induces a puUback 
operation on the sheaf O^"^ of relative r-forms, and one can define a Lie derivative 

L^ = dg*/dt\t=o:0^^ ^O^^. 

There are also relative exterior derivatives d: O^"" — ^ Q^r+i Both and d are 
homomorphisms of sheaves of Abelian groups and map the complex H.^ — > into 
itself. Note that E. Cartan's identity 



L^^L^d + dL^ (10.2) 

holds (since it holds on finite dimensional ^^-invariant subspaces of each Z + x). 

To prove the Lemma we have to distinguish between two cases. If ^ W, by the 
Banach-Hahn theorem there is a p G Hom(Z, C) such that p{z) ^ for z G W. We 
extend p to X, constant on subspaces Y+x. Using the identification Tx{Z+x) ~ Z, 
p induces a 1-form on each Tx{Z + x), hence a holomorphic relative 1-form u on 
X. Clearly l^uj = p. Suppose h G T{U,'Hr+i) is in the kernel of (pr*; thus t^h = 0. 
Setting f = (jj Ah/p eT{U, Hr+2)i we compute 



kf = ik^) ^ h/P = 

so that h G Im <^r+i*) ^is needed. 

On the other hand, if G then gtU C t/ for t < 0. Using (10.2) we write for 
h G Ker ipr* 

h= f ^Mh)dt= f {L^9:h)dt = ^ f {gldh)dt, 

J —oo J —oo J —oo 

with the improper integrals converging exponentially fast. It follows that 



f = f {g*dh)dter{u,nr+2), 

J — oo 



and h = <fr+i*f G fr+i*j which proves the claim. 

10.3. Theorem. Suppose X is a Banach space that has a Schauder basis and 
satisfies the Hypothesis in 7.1. If F is another Banach space, Q G X is open, 
M C O a direct submanifold (see 1.3), and /c G then the sheaf J C of germs 
vanishing on M to order k is cohesive. 
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Proof. We prove the Theorem by induction on A;, so we assume it is true when k 
is replaced by any j, 1 < j < k. Since cohesion is a local property, and invariant 
under biholomorphisms, we can take Q = X and M = Y a complemented subspace 
with complement Z. We shall show that the sequence (10.1) constructed above is 
completely exact. To this end we apply 6.4, with *p the collection of pseudoconvex 
subsets of Cl = X, O the collection of y x W, where V C Y, W C Z are open 
and convex, and A, = 7^,. According to 7.4 ^ is exhaustive, and assumption (i) 
of 6.4 has just been verified. Since by the inductive hypothesis Tir is cohesive for 
r > 1, assumption (ii) is also satisfied in view of 9.1. Therefore 6.4 gives that 
T{U,n,) ^0 is exact for [/ e <p. 

More generally, if E is an arbitrary Banach space, the complex Hom(0^, H,) — > 
is isomorphic to a complex of type (10.1), but constructed with Hom(^, F) re- 
placing F. Hence by what has already been proved, r(?7, Hom(C-^, 7Y«)) — > is 
exact for all t/ G i.e. (10.1) itself is completely exact. 

Now we conclude by 9.1 and 4.4. By the former, and by the inductive hypothesis, 
Hr for r > 1 have complete resolutions. By the latter, this implies Ho = J also 
has a complete resolution, in particular it is cohesive. 

10.4. Corollary. Let X,F,VL, and M he as in 10.3. If, in addition, Q, is pseudo- 
convex, then any holomorphic function M ^ F is the restriction of a holomorphic 
function f2 — > F. 

Proof. Let J C denote the sheaf of germs vanishing on M and S the sheaf over 
0, associated with the presheaf 

U ^ {/: M nU ^ F is holomorphic}, resp. {0}, 

depending on whether MnC/ 7^ or = 0. Restriction to M defines an epimorphism 
of 0-modules — > S that fits in an exact sequence ^ ^ —>■ S —>■ 0. By 
the associated exact sequence in cohomology 

. . . ^ r(o, o^) ^ r(o, s) ^ H\n, j) = o, 

cf. 9.1 and 10.3, r* is surjective, which is equivalent to the claim. 

10.5. It has been known for quite a while that the above Corollary fails in some 
Banach spaces. Indeed, according Dineen, see [Di] and also [Jl], in the nonseparable 
space X = 1°^ there is a discrete sequence S on which all holomorphic functions 
X —>■ C are bounded. Obviously, then, 5 is a direct submanifold of X , any function 
5' — > C is holomorphic, but no unbounded 5 — > C can be continued to a holomorphic 
function on X. 

Thus, both 9.1 and 10.3 cannot generalize to It would be of some interest to 
know which of the two fails in Is it that cohesive sheaves — perhaps even plain 
sheaves — may have nonzero higher cohomology groups; or only that ideal sheaves 
of direct submanifolds are not necessarily cohesive? 
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However, it would be of even greater importance to clarify for what subsets 
M C SI other than direct submanifolds will 10.3 generalize (if all other assumptions 
are kept). In the Appendix we show it does not generalize to arbitrary analytic 
subsets. 

11. SUBVARIETIES 

11.1. Cohesive sheaves can be introduced on any topological space, once we specify 
an (enriched) category of sheaves and homomorphisms to play the role of plain 
sheaves and homomorphisms. Whether cohesive sheaves have useful properties 
of coiirse depends on what properties the "plain" category specified has. In this 
Section we shall study this generalization of cohesion in a context that is closely 
related to the one considered heretofore: for sheaves over subvarieties in Banach 
spaces. To define subvarieties, consider a Banach space X and an open Q C X. 

Definition. An ideal structure on Q, is the choice of an C-submodule C O^, 
for each Banach space E, such that for every x e Q and ip e (^Hom(£,F) induced 
homomorphism ^* maps in . The ideal structure is cohesive if each is 
cohesive. 

11.2. If E, F, G are Banach spaces, there is a homomorphism 

0Hom(£,F) ^Hom(F,G) _^ QUom(E,G) ^-^-^ -^^^ 

sending io i/^(p. For any ideal structure we have 

Proposition, (a) If either (p e jHom(s,F) i/> e jHom(F,G) ^j^^^ ^^^ jj ^^^^^ 

cp^ll) in jHom(S,G)_ 

(b) Under the obvious isomorphism ® ^ qe®f image of ® 
is J^®^. 

Proof, (a) Any (p e ^Hom(£;,F) ^j^^j^^^gg^ |-,y composition, a germ <^ of a plain ho- 
momorphism 0Hom(F,G) _^ ^Hom(F,G) ^ According to the definition therefore 

V. = V e , if V' G . 

The case when p G J"Hom(F,F) ^^^^ ^ ^ ^Hom(F,G) jg p^-gved similarly, 
(b) Applying the condition in the definition with constant germs yj, '0, <^', 
that induce the canonical embeddings 

resp. projections 

the claim follows. 

In the categorical language touched upon in 3.2, an ideal structure is an enriched 
subfunctor of the embedding functor P — >^ O. 
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11.3. Proposition, (a) For any ideal structure on Q and pair of Banach spaces 
E,F^ (0), we have supp O^/J^ = supp /J^ . 

(b) If the ideal structure is cohesive then supp O^/J^ cms closed. 

Proof, (a) Suppose x E is not in supp j . Any germ f e is of form 
¥5*e with some ^ e and e G Of = , whence f G cp.J^ C , and 

so X ^ supp I . Reversing the roles of E and F, the claim follows. 

(b) If . . . — 0^\U J'^\U — is a complete resolution over an open [/ C fi, 
with induced by a holomorphic f : U E*, then U fl supp O'^ j — {x E 
U: f{x) = 0} is closed in U, whence the claim. 

11.4. Definition. By a (complex analytic) subvariety 5 of we mean a closed 
subset C fl and the specification, for each Banach space E, of a sheaf 0§ over 
1 5' I, so that with some cohesive ideal structure E i— > 

\S\^ suppO^/J^ and ^ {O^ / J^)\\S\. 

From Oq, the sheaf Os = O'g inherits the structure of a sheaf of rings, and all 
other sheaves Og are modules over it. The subvariety 5' uniquely determines the 
sheaves , since O^/J^ = (Cf )a; when x e l^l and = otherwise. 

HQ' cO, is open, we denote by S (lO,' the subvariety of Q' defined by the ideal 
structure J^\Q'. 

We fix a subvariety S of Cl and the corresponding ideal structure J^. 

11.5. The sheaves Og will be called plain sheaves over S. If C/ C H is open, any sec- 
tion of C)Hom(E,F) ^^^^ ^^1^1 g^^g^^g section of OHom(£;,F)/ jrHom(E,F) 

over [/, and it follows from 11.2 that it induces a homomorphism O^/J'^ —>■ 
^j-F Qyg]^ hence a homomorphism Og over U fl 15*1. Such homo- 

morphisms will be called plain homomorpliisms. Germs of plain homomorphisms 
form a sheaf of Og-modules Hompiain(C'f , Og) C Homo(Cf , Og); this sheaf is 
an epimorphic image or Ug ^ ' . 

11.6. Definition. An analytic structure on a sheaf A of O^-modules is the choice, 
for each Banach space E, of a submodule Hom(Of,^) C liom.c>g{Og ,A) such 
that 

(i) if (f is the germ of a plain homomorphism Og Og at x then 

V5*Hom(C»f ,^)^ C Hom(C»f ,^)^; 

(ii) Uom{Os,A)=liomos{Os,A). 

A sheaf of O^-modules over \S\, endowed with an analytic structure, will be 
called an analytic sheaf over S. A homomorphism ^ — > B of analytic sheaves is an- 
alytic if the induced maps send each Hom((9f , A) in Hom((9f , B). We endow the 
plain sheaves Og with the analytic structure Hom(0^, Og) = Hompiain(C'5 , Og). 
Thus, for an analytic sheaf A over S the sheaf tlom{Og,A) consists of germs of 
analytic homomorphisms. 
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11.7. If ^ is any sheaf of Og-modules, let A denote its extension to fl by zero 
outside This extension clearly has the structure of an C-module that satisfies 
J'^A = 0. It follows that any ■0 G Homo(C, «4) sends j'^ to 0, hence factors 
through the projection O O/J'^. 

Proposition, (a) If A is an analytic sheaf over S, then A has a unique analytic 
structure with the property that for x G \S\ a germ ip G Iiomo{0^,A)x is analytic 
if and only if it is the composition of the projection {^s)x ^^^^ a cp & 

Hom(Cf ,^)^. 

(b) If A is endowed with this analytic structure and U C l^"!, then any analytic 
homomorphism i/j : 0^\U A\U is the composition of the projection 0^\U — > 
Og\U with a unique analytic homomorphism cp : Og\U — > A\U. 

Proof, (a) Uniqueness is obvious since .4.|n\|S'| = 0. The proof of existence consists 
of verifying that the collection of germs ■0 obtained in the way described above 
satisfies (i) and (ii) in 3.1, which is straightforward. 

(b) Since the projection i^s)^ surjective, (p in (a) is uniquely deter- 

mined by tp, from which the claim follows. 

In what follows, we shall always endow canonical extensions of analytic sheaves 
over S with the analytic structure described in the above Proposition, li ip: A ^ B 
is an analytic homomorphism of analytic sheaves over S then its extension (p: A^ B 
is also analytic. 

11.8. We shall call a subset U C \S\ pseudoconvex if f/ = IS"! n t/ with some 
pseudo convex tj (ZVt. 

Definition. A sequence A» of analytic sheaves and homomorphisms over S is 
completely exact if for each pseudoconvex U <z\S\ and for each plain sheaf £ over 
S the induced sequence r(t/, Hom(£', ^,)) is exact. 

The following is immediate from 11.7: 

Proposition. If A — > B — > C is a completely exact sequence over S, then its 
extension A — > B — > C is completely exact over Q. 

Definition. Let A be an analytic sheaf over S. 

(a) A complete resolution of ^ is a completely exact sequence 

...^T2^J^i^A^0 

of analytic homomorphisms, with each J-'n plain. 

(b) A is cohesive if every x E \S\ has a neighborhood over which A admits a 
complete resolution. 

11.9. In the next two theorems we assume Q is pseudoconvex. 
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Theorem 1. If . . . ^ A2 ^ Ai Ao ^ is a completely exact sequence of 
analytic homomorphisms over S and An has a complete resolution for n>l, then 
so does Aq. 

Theorem 2. 7/0— >C— >Ozsa completely exact sequence of analytic 
homomorphisms over S, and two among A, B, and C have a complete resolution, 

then so does the third. 

The proofs are the same as in 4.4 and 4.5. 

11.10. Theorem. Suppose a Banach space X has a Schauder basis and the Hy- 
pothesis in 7.1 holds. Let S be a subvariety of an open O C X. If A is a cohesive 
sheaf over S , then its canonical extension A to Q is also cohesive. 

Proof. Cohesion being a local property, we can assume that O is pseudoconvex and 
A has a complete resolution J-', ^ A ^ 0. Canonical extension gives rise to a 
completely exact sequence .F, — > .4 — > 0. Since the extension of Og is /J^, 
each is cohesive by 9.2, and has a complete resolution by 9.1. Therefore A is 
cohesive by 4.4. 

11.11. Theorem. Suppose a Banach space X has a Schauder basis and the Hy- 
pothesis in 7.1 holds. Let Q (Z X be pseudoconvex and S a subvariety ofVL. If A is 

a cohesive sheaf over S, then 

(a) A has a complete resolution; and 

(b) Hi{\S\,A) = Oforq>l. 

Proof, (a) By 11.10 the extension A is cohesive, so that 9.1 implies there is a com- 
pletely exact sequence A ^ 0. By the Proposition in 11.7 the restriction 
S\ is the composition of the projection — > Og with an analytic homo- 
morphism (p: Og — > A. We claim that the sequence 

O^^A^O (11.2) 

is completely exact. 

Indeed, let U C ^ be pseudoconvex, U = U (1 \S\, and E a Banach space. 
Any a G r(t/, Hom(Cf , ^)) extends to an d G r{U,Hom{0^ /J^ ,A)), which, 
composed with the projection O^/J^ gives a. (3 e r{U ,Ilom.{0^ , A)), 

again by 11.7. Since ^ ^ — was completely exact, (3 = ip^'j with some 
7 G r(?7, Hom(C»^, O^)). As 7 maps j'^\U in J^\U, it descends to a section of 
Hom{0^ /J^, O^/J^) over U, whose restriction to U, 

(5Gr(C/,Hom(0|,Of)), 

satisfies <^*5 = a. This proves (11.2) is completely exact, as claimed. 

Next, Theorem 2 in 11.9 implies that Ker cp in the completely exact sequence 

^ Ker ^ of ^ ^ ^ 
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is cohesive. Repeating the above construction with Ker ip instead of A we obtain 

a completely exact sequence — > Ker — > Og' Ker <^ — > 0, with Ker 
cohesive, and so on. Consolidating the short sequences obtained in this way, we 
construct a complete resolution 

. . . ^ of ^ Of ^ >1 ^ 0. 

(b) The extension A being cohesive, by 9.1 

H'^(\S\,A)^H'^{Sl,A) = ^ ioYq>\. 

12. Two Applications 

12.1. As explained in 5.2, cohesive sheaves pulled back by biholomorphisms stay 
cohesive. For this reason one can define cohesive (and plain and analytic) sheaves 
over an arbitrary rectifiable complex Banach manifold. 

Now consider a Banach space X that has a Schauder basis and satisfies the Hy- 
pothesis in 7.1. Let O C X be open. A direct submanifold M C O determines 
an ideal structure, with C — Oq consisting of germs that vanish on M. 
By 10.3 this structure is cohesive, and so it defines a subvariety S with support 
= M. On M we have two notions of plain sheaves: the sheaves Of^ of E val- 
ued holomorphic germs on M, and the sheaves Og = {O^ / J^)\M discussed in 
Section 11. Similarly, there are two notions of plain homomorphisms. However, re- 
stricting germs in to M induces an isomorphism ~ which isomorphism 
intertwines plain homomorphisms — > Og and Of^ — > O^. It follows that any 
sheaf of O^-modules has a canonical structure of an OM-module, and vice versa; 
any analytic sheaf over S has a canonical structure of an analytic sheaf over M, 
and vice versa; analytic homomorphisms will be the same, whether the analytic 
sheaves are considered over 5' or M; and finally, whether a sheaf is cohesive does 
not depend on whether it is considered over S or over M. 

12.2. The following theorem is therefore a special case of 11.11: 

Theorem. Suppose a Banach space X has a Schauder basis and the Hypothesis in 
7.1 holds, Q G X is pseudoconvex, and M G O, is a direct submanifold. If A is a 
cohesive sheaf over M then 

(a) A has a complete resolution; 

(b) Hi{M,A) = Oforq> 1. 

12.3. Theorem. Let X, fl, and M be as above, and v = {TQ,\M)/TM the normal 
bundle. Any neighborhood of M contains a pseudoconvex neighborhood O C 

(a) which holomorphically retracts on M; and 

(b) there is a biholomorphism between O and a neighborhood of M <Z u (M 
embedded as the zero section in f), that is the identity on M . 
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This generalizes the Docquier-Grauert theorem, a special case of a theorem of 
Siu, see [DG,Su], and [L6, Theorem 1.4]. In the former two dimX < oo; in the latter 
M was assumed biholomorphic to an open subset of a Banach space. Particular 
cases of both 12.2 (b) and 12.3 were also proved by Patyi, see [P5, Theorem 6.2]. 

Proof. The key is the vanishing if^ (M, Hom(z/, TM)) = 0, which follows from 12.2 
if one takes A to be the sheaf of holomorphic sections of the locally trivial holo- 
morphic Banach bundle Hom(z^, TM). This, combined with the exact sequence of 
holomorphic Banach bundles 

Hom(z/, TM) Hom(z/, Tn\M) ^ Hom(z/, u) ^ 

provides a subbundle u' C TQ\M, complementary to TM, as in [DG, L6]. Prom 
here O and its biholomorphic embedding in i/ are constructed as in [L6], to which 
we refer the reader for details. 

13. Appendix 

13.1. If ft is an open subset of a finite dimensional Banach space X and S C 0, 
is an analytic subset, then the sheaf J" C Oq of germs vanishing on 5", the ideal 
sheaf of S, is coherent. Here we shall address the corresponding problem in infinite 
dimensional X . Let Q G X he open. A subset S <Z Q is called analytic if 0, can 
be covered by open sets U C X, and for each U there are a Banach space E and a 
holomorphic function f:U^E such that 

Snu ^{xe U:f{x) = 0}, 

see [D1-2,R]. Analytic sets can be pathological: for example, Douady pointed out in 
[D2] that any compact metric space can be homcomorphically embedded in some 
Banach space as an analytic subset. A variant of Douady's construction shows that 
any compact differential manifold, possibly with boundary, can be homcomorphi- 
cally embedded in a Hilbert space as an analytic subset. The notion of an analytic 
set is clearly too generous, and in complex geometry one should restrict to a smaller 
class of sets. We propose that the correct class will consist of those sets S* C O 
whose ideal sheaf is cohesive. We shall show below that this is a genuine restriction: 
even in spaces with unconditional basis there are analytic subsets whose ideal sheaf 
is not cohesive. 

13.2. Let X denote one of the spaces P, 1 < p < oo, or cq, and consider the 
following embedding a of the closed unit disc A C C into X 

«(C) = (r7n')^=i ex, C e A. 

The image a{A) C X is analytic, since it is the zero set of the holomorphic map 

X 3 (xn) ^ {(n^Xn - xf)/rf'') e X. 
Let J C Ox — O denote the sheaf of germs vanishing on a (A). 
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Theorem. For no Banach space F and analytic homomorphism J is the 

restriction Oq Jq surjective. 

Therefore J is not cohesive because it cannot be included in an exact sequence 
of analytic homomorphisms — > ^7 — > 0, cf. 9.1. — To prepare the proof, consider 
the following continuous action of the circle = M/27rZ on X 

gtx = (e^"'*x„), teS\ G X. (13.1) 

li E is a Banach space, any holomorphic function h: B{R) — > E has a Fourier series 

h-^y^hk, hk = — e-'^'gthdt. (13.2) 

The terms hk are holomorphic on B{R) and satisfy g^hk — e^^^hk- If 

/i(a;i,...,a;,„,0,0, ...) = ^ ■ • -a;^, then 

Jl,---,im>0 

^fe(^l) • • • ) ^771) 0, 0, . . . ) = ^ ] '^Jl-.-Jm'^l^ 



The last expression is a polynomial, independent of the variables x^ with /x! > /c. 
It follows that hk{xi, X2, ■ ■ ■) itself is a polynomial, depending only on the variables 
x^ with //! < k. It also follows that h{x) = J2k ^k{x) if the sequence x e B{R) has 
only finitely many nonzero terms. 

Proof of the Theorem. Consider an analytic homomorphism — > induced by 
a holomorphic (f: X ^ F* that vanishes on a{A). Let ip be the germ at of <^ and 
u e Jo be the germ at of 

oo 

u{x) = y^{n~^Xi- - n~'^Xn), x e -B(l). 

n=l 

We shall show that there is no f G Oq solving cpf = u. 

Suppose there were. The Fourier components of y>, f , u would then satisfy 

n! 

ipk{x)in\-k{x) = Un\{x), n G N. (13.3) 

fe=0 

Since a{A) is gt invariant, all (pk vanish on a{A). We substitute 

/ a2! A3! A(n-l)! 

x = a(»)(C)=(c.|j.|j.....(^.0,0,., 
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As ipk{x) depends only on xi, . . . , Xn-i if A; < n!, we have (fiki<^^"'\0) = ¥'fc(ct(C)) = 
0. By (13.2) fo is the constant f(0). Therefore we obtain from (13.3) 

V:n!(«^"HC))f(0) = Un!(a(")(C)). 

Both sides are germs of polynomials at e C. If they agree, the corresponding 
polynomials agree on all of C. In particular, since Un\{x) = n~^x'^^^ — n~^Xn, 

ifni{a^^\n'/^-))m = n. (13.4) 

By the dominated convergence theorem lim„ Q:*^"^^(n^/"^') = {l/m'^)m- Thus the 
set {Q!^")(n^/"'): n e N} has compact closure, and so does its gt orbit. If K is the 
closure of the orbit, then from (13.2) 

\\ifin\ (a^"^ (n^/"')) I If* < m|x 1 1^| \f*, 

hence by (13.4) ||f(0)||Fmaxx ||</?||f* ^ ^- This, however, cannot hold for all n, 
which proves that the equation ipi = u has no solution f . 

13.3. More regular examples of analytic sets can exhibit the same phenomenon. 
Consider the following embedding 

The image /3(A) is an analytic subset of X; but a variant of the above reasoning 
shows that its ideal sheaf is not cohesive, either. 
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